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The most basic problems in communication complexity ask a simple question: two entities (always
named Alice and Bob) have inputs z, y and wish to jointly compute a function f(z,y). How many
bits—or other messages—must Alice and Bob communicate to compute this value? Less abstractly,

Alice and Bob have input domains X and ) (often, these are {0,1}"), and Alice receives a vector
x € X and Bob y € ), each unknown to the other, and they jointly exchange messages until they can
successfully evaluate f(z,y). To abstract away any details of the computational model, we assume
each has infinite computational power, which allows a focus on communication. To formulate this
as communication, we consider a protocol II, which specifies the messages that each of Alice and
Bob send to one another. We view this as a series of rounds, where at each round, the protocol
allows one {0, 1}-valued bit to be sent and determines who sends this bit, and, at termination time,
can compute f(x,y) based on the communicated message. Then the communication cost of IT is
the maximum number of messages sent to (correctly) compute f over all inputs x, y.

inputs x,y;
compute f(x,y) by communication protocol Pi
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Classical communication complexity problems

Definition 10.3. A protocol II over a domaimn X x Y with output space Z 1s a binary tree, where
each internal node v is labeled with a mapping a, : X — {0,1} or b, : Y — {0,1} and each leaf is
labeled with a value z € Z.

In classical communication complexity, the main questions center around the communication
complexity of f : X x) — Z, which is the length of the shortest protocol that computes f correctly
on all inputs: letting [Iout (2, y) denote the final output of the protocol IT on inputs (x,y), this is

CC(f) := inf {depth(II) | Hyu(xz,y) = f(z,y) forall z € X,y € Y} .

In many cases, it is useful to allow randomized communication protocols, which tolerate some 3ndomize and tolerate
probability of error; in this case, we let Alice and Bob each have access to (an arbitrary amount) e probability of error
of randomness, which we can identify without loss of generality with uniform random variables

Ua, Uy - Uniform|0, 1]. The nodes a, and b, in Definition 10.3 are then mappings a, : X x [0,1] —

{0,1} and b, : Y x [0,1] — {0, 1}, and they calculate a,(-,U,) and b,(-, Up), respectively. Abusing i

notation slightly by leaving this randomness implicit, the randomized communication complexity RCCs(f) < O(l)]‘)gg -RCCy3(f),
for an accuracy 4 is then the length of the shortest randomized protocol that calculates f(z,vy)

correctly with probability at least 1 — 4, that is,

RCCs(f) := inf {depth(I1) | P(Ilyut(z,y) # f(z,y)) <d forall x € X,y € V}. (10.3.1)




#7°% %  Classical communication complexity problems

ZHEJIANG UNIVERSITY

There are variants of randomized complexity that allow public randomness rather than pri-
vate randomness, which can yield simpler algorithms and somewhat reduced complexity, but this
improvement is limited, as Alice and Bob can more or less simulate public randomness (see Exer-
cise 10.7). Letting Bpup be the collection of protocols in which both Alice and Bob have access to
a shared random variable U ~ Uniform|0, 1], we make the obvious extension

RCCP™(f) := inf {depth(II) | P(Iow(2,y,U) # f(x,y)) < § for all z € X,y € Y}

pub

compare RCCs(f) := inf {depth(Il) | P(IL,u(z,y) # f(z,y)) <dforallz € X,y € V}. (10.3.1)

Finally, we have notions of communication complexity admitting the most powerful algorithms mu %3 R (X,y) & JL g% &
and so providing the strongest lower bounds. The first of these is distributional communication
complexity, which for a probability measure g on inputs X' x ) is the depth of the shortest protocol infimum only on deterministic
that succeeds with a given p-probability: protocols, since stochastic 7T X

DCCE (f) := inf {depth(IT) | p(Ilow(X,Y) # f(X,Y)) < 4}, (10.3.2) M determinisitc 49 -F34

where the infimum is taken over deterministic protocols. As in the minimax risk, once we re-
duce to distributional complexity, using deterministic protocols is no loss, as if for a random
variable U the randomized protocol satisfies pu(Ilou(X,Y,U) # f(X,Y)) < 4, then certainly
inf, pu(Ilyue (X, Y,u) # f(X,Y)) < 4. The final notion we consider is the information complexity.
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inf, (o (X, Y, u) # f(X,Y)) < d. The final notion we consider is the information complexity.
In this case, we require again that for each input pair z.y, the (potentially randomized) protocol
II(x, y) still compute f(x,y) correctly with probability at least 1 — §, but instead of measuring the
depth of the tree, we let X,Y be drawn randomly from some distribution and measure the mutual
information Ir(X,Y:II(X.Y)). (We use base-2 logarithms to reflect bit communication.) In this

case, we define

ICs(f) := sup ill}lf {L(X,YIHX,Y) | P(oue (2, y) # f(z,y)) <dforallx € X,y eV}, (10.3.3)

ICH(f) = imf {B(X, Y3 TIX, V) | plllons(X,Y) # f(X,Y)) <3},

Proposition 10.3.1. For any function f, § € (0,1), and probability measure p on X x Y,

CC(f) > RCC;(f) > RCCE™P(f) > DCCE(f) > IC(f)

and

RCCs(f) = 1C5(f).

I(X)Y; Pi(X,Y)) & i# 13 transcript
Y& kTR ERNXY)H
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Proposition 10.3.1. For any function f, 0 € (0,1), and probability measure pp on X x Y, I(X,Y; Pi(X,Y)) 4 i@ 43 transcript
FaetrxTRERANXY)

CC(f) > RCCs(f) > RCCE™(f) > DCCY(F) > 1CK(f) S
and R A T 8 oMz AR,
RCCs(f) > 1Cs(f). sup xf mu ¥

Proof The first two inequalities are immediate. By Theorem 2.4.3, we have
depth(IT) > Ho(IT) > Ho(I1) — Ho(IT | X,Y) = L(X, Y II(X,Y)), H2(Pi) denotes Shannon entropy

and so for all ¢ € (0, %) we have both

RCCs(f) > 1C5(f) and DCC(f) = ICH(/).

All that remains is to demonstrate RCCE“b( f) > DCCE(f). For this, let IT be any protocol with
public randomness U such that P(Ilou(z,y,U) # f(z,y)) < 6 for all z,y. Then by taking an
expectation over (X,Y) ~ pu, we obtain

0 > E# [P(Hmlt(xaya U) 7& f(Xa Y) | X:\Y)] 2 igf»u (HOUt(X:\Y1 u) -~ f(X, Y)) ’

that is, there must be at least some u achieving the average error of II, and the protocol II is
deterministic given u. So any protocol II using public randomness to achieve probability of error ¢
can be modified into a deterministic protocol II(-, -, u) that achieves p-probability of error 6.1 [J
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A set R C X x )Y is a rectangle if it has the foorm R = A x B for some A C X and B C ).
Equivalently, R is a rectangle if (zg,y0) € R and (z1,vy1) € R imply that (zg,y1) € R. Rectangular
sets provide a key to understanding communication complexity:

The structures are as follows:

rectangle
Proposition 10.3.2. Let v be a node in a deterministic protocol 11 and R, be those pairs (x,y)

reaching node v. Then R, is a rectangle.

f-constant rectangles
The structure of rectangles for correct protocols thus determines the communication complexity

of a function f. For a set R C X x ), we say R is f-constant if f(z,y) = f(z',y') for all (z,y) € R
and (z/,y’) € R. Thus, any correct protocol II partitions X x ) into a collection of f-constant
rectangles, where we identify the rectangles with the leaves [ of the protocol tree. In particular,
Proposition 10.3.2 implies the following corollary.

fooling sets

rectangle measure
Corollary 10.3.3. Let N be the size of the minimal partition of X x Y into f-constant rectangles.
Then CC(f) > log, N.

Definition 10.4 (Fooling sets). A set S C X x ) is a fooling set for f if for any two pairs
(zo,y0) € S and (x1,y1) € S satisfying f(xo,y0) = f(x1,y1), at least one of the inequalities
f(xo,y1) # f(x0,90) or f(x1,90) # f(z0,y0) holds.

With this definition, the next corollary is almost immediate.
Corollary 10.3.4. Let f have a fooling set S of size N. Then CC(f) > log, V.
An extension of the fooling set idea is the rectangle measure method, which proves that (for

some probability measure P) the “size” of f-constant rectangles is small. By judicious choice of
the probability, we can then demonstrate lower bounds.

Proposition 10.3.5. Let P be a probability distribution on X x Y. If all f-constant rectangles R
have probability at most P(R) < §, Then CC(f) > logy ;.
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Example 10.3.6 (Equality): Consider the problem of testing equality of two n-bit strings two example, £-%| A 2| fooling set
z,y € {0,1}", letting f = EQ be f(z,y) = 1 if x = y and 0 otherwise. Define the set

rectangle measure
S ={(xz,z)| 2 € {0,1}"}, which has cardinality 2", and satisfies f(z,z) =1 for all (z,z) € S. * &

That S is a fooling set is immediate: for any (z,z) and (z,2") € S, if © # 2/, then certainly
(z,2') € S. So
n < CCEQ)<n+1,

Example 10.3.7 (Inner products on Fy): Consider computing the inner product IPs(z, y) =
(x,y) mod 2 for n-bit strings =,y € {0,1}", where addition is performed modulo 2. Rather
than a constructing a fooling set directly, we use Proposition 10.3.5 and let P be the uniform
distribution on {0,1}" x {0,1}". Let R = A x B be a rectangle with (z,y) = 0 for all
r € A and y € B. The linearity of the inner product guarantees that (z,y) = 0 for all
r € span(A) and y € span(B), the (linear) spans of A and B in FY, respectively. Now
recognize that span(A), span(B) C F4 are orthogonal subspaces of F, and so their dimensions
dp = dim(span(A)) and d; = dim(span(B)) satisfy dp + d; < n.

Noting that if dy = dim(A) then |A| < 29 in F}, we thus obtain |R| < |A|-|B| < 2", which
(under the uniform measure P) satisfies

271-

By Proposition 10.3.5, we thus have

n < CC(IP2) <n+1,
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Randomization

Example 10.3.8 (Equality with randomization): Let z,y € {0,1}" and p be a prime number
satisfying n? < p < 2n? (the Prime Number Theorem guarantees the existence of such a p).
Let Alice choose a uniformly random number U € {0,...,p — 1} and compute the polynomial

a(U) = z1 4+ 22U + 23U% + -+ + 2,U™""  mod p.

Then Alice may communicate both U and a(U) to Bob, which requires at most 2log, p <
4logy n + 2log 2 bits. Then Bob checks whether

bU) =y1 + U +93U% + - + 5, U™ mod p

satisfies b(U) = a(U). If so, Bob outputs “Yes” (equality), and otherwise, Bob outputs “No.”
This protocol satisfies depth(Il) < 4log, n+ 1. Moreover, if x = y, it is always correct, while if
x # y, then the protocol is incorrect only if a(U) = b(U), that is, U is a root of the polynomial

n

p() =3 (s — yiyui.
i=1
But this is a non-zero degree n — 1 polynomial, which has at most n — 1 roots (on the field F,;
see Appendix A.1 for a brief review of polynomials). Thus for z # y we have
n—1

P(II(z.y) faiks) = B(a(U) = b(U)) < "

<

bl

S| =

and so RCC, fn(EQ) < 0O(1) log n, exponentially improving over the deterministic complexity.

R K K 46 N B & 8913 &2
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direct sum inequalities

lower bound for fundamental primitive

¢ primitive + direct sum = global lower bound
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: a . x ; . “ ‘ -y Sacy = o i N at . = . . ._1 . .
To show direct sum inequalities, we demonstrate that computing some function on n inputs requires give f a structure

roughly n times the communication of single-input computation. In general, we consider functions

f of the form
F@y,yr) = g(h(z1,m1), 2, y2), . ., h(2n, yn)), (10.3.4)

where ¢ is the global function of the n primitives h, calling such functions decomposable with
primitive h. Many problems have the structure (10.3.4); focusing on the case that the inputs
x,y € {0,1}™ and f(x,y) € {0,1}, we have the following three immediate examples.

Example 10.3.9 (Decomposition of equality): The equality function f(x,y) = 1 if & # y
and f(x,y) = 0 otherwise satisfies the decomposition (10.3.4), where h(z;,y;) = 1 {x; # v;}
and ¢ is the OR function g(z) = 1 {(1,z) > 0}, which is 1 if any of z1, ..., z, is non-zero, and
0 otherwise. <

Example 10.3.10 (Decomposition of inner product): The inner product in Fa, f(z,y) =
(z,y) mod 2, where h(z;,yi) = ziyi, and g(z) = (1,z) mod 2 satisfies g(z) =0 if > " | z; is
even and g(z) = 1 otherwise. ¢

Example 10.3.11 (Decomposition of disjointness): The set disjointness function f(z,y) =
DISJ(z,y) := 1{(z,y) > 0} arises when z,y are characteristic vectors of subsets A, B of [n],
that is, z; = 1{i € A} and y; = 1{i € B}. Then f(z,y) = 1{AN B # @&} corresponds to g
being the OR g(z) = 1{(1,z) > 0} and h the AND function h(z;,y;) = z;y;. <
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Definition 10.5. Let f : X" x Y™ — {0,1} have the decomposition (10.3.4), where the primitive

h 1s {0,1}-valued. The pair (z,y) € X™ x V" admits a planted solution if for each i € {1,...,n},
all %, y!, and vectors

! . ok . o 14 all ap ‘
x :('T']_:-°°a"1?:-—11'1-1'1'}mi-—|-11‘°'1‘7’1’1) and Yy = (yla°°'1y1—13yi1y1—|—13‘--1yﬂ):

we have f(z',y') = h(zl,y]).

Definition 10.6. A distribution p on (x,y) € X x Y is a fooling distribution if all (z7,yT") in the
support of the product u™ admit planted solutions (Definition 10.5).

. BigE— Y I AT LLARMEBBRKEE f;
. M fooling distribution B#—" planted background (X", Y™);
. BEALE— AR ¢, IEXMRATEIRRHTRY primitive I (7, Y));
. A} background & planted solution, FTLALLET:

f(@,y) = h(z}, y))-
. FRLURRER f B9 11, FAeTLARRAR primitive h;
. WNRBEA primitive h ZEFEEZVEMEEE, BBAKEKE f N TEEEEEXR.

XFLE direct sum BIE AT

solving f on n coordinates = solving one embedded h.

Fe—/sn 2 KR AR FR AR —
AS— 4] FI A

why choose fooling distribution?
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plexity. If (X,Y) ~ u, there is always a random variable V' such that X 1L Y | V, that is, X
and Y are conditionally independent given V (trivially, we can take V' = X). Thus, for function
h:X xY — {0,1}, we define the conditional information complexity

CICY (h) := ilﬁf sup{I(X,Y;II(X,Y) | V) s.t. P(Tlgu(z,y) # h(z,y)) <dforallz € X,y € YV},
v

Theorem 10.3.13. Let i be a fooling distribution X x Y for a function f with primitive h. Then
IC5(f) > n - CICE(h).

Proof Let V =V € V" be any random vector with i.i.d. entries making (X;,Y;) conditionally
independent given V;. Then for any protocol II, we have

I(XY, Y7 10) = H(IT) — H(IT | X7, Y77)
= H(I) - HIT| X7, Y", V) > HIT| V) - HAL| X7, Y, V) = I(XT, Y5 T V)
because we have the Markov chain V' — (X7{,Y]") — II. Using the chain rule for mutual informa-
tion, where we recognize that X7' and Y]" are independent given V', we have
n _
I(XT, Y51 | V) = ZI(X?:}:Y;;H |V, X1 YY)
i=1
& | _
Y H(X,Y |V, XL - HXL, Y | VILXT LYY
1

I

T

H(X:,Y; | V) - HX;,Y; | V.II) = ) I(X;, Y1 | V) (10.3.5)

1 i=1

>

M-

T

conditionally independent
BA XA Y TRARMX, RF
AL, IOXY;PL) sha i e m £ &

138
A= SANENEE)

W& sup: Bt dTREXY 2
Ay =, REBLAMHE XY
M, BB RLIAME S VA
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b & Inf: A B FEAT B H R
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2 a2 e R AEANLAT
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” ; : B S — C e o FiMRIFRANEERA:
We come to the key reduction from the global protocol II to one solving individual primitives.

On inputs (x,y) € & x Y, define the simulated protocol II; ,(x,y) so that given the vector v\; = (X5, ¥i) = (z,9).

"l e G . e )
(V1. Ui—1, Vg1, - -, Un) € VL Alice and Bob independently generate (X* Y"‘) ~ (- | V; =v;) o HA4R § # ¢ M fooling distribution FIEHIER :
f(n* 4 75 ;rn vl;hl(h 1S poaslbio because of the assumed conditional md('p(‘ndvn( e ﬂlvu;l V, Vl(:idma (X3,Y7) ~ (- | V; = v)).
X ed and Y\; € V"7, respectively. They then execute the protocol H((X ) (} y))
(where we substitute x and y into input position i for each). We claim two key consequences
of this simulation: first, II;, is a é-error protocol for the primitive h, and second, we have the (X3 2), (V35 9))-
distributional equality R R

;o Fyy dis : * *
(X3 Y5, Vi I (X5, Y)Y 2 (X, Y, Vi, TNXD, V) | Vg = w5 (10.3.6) (X5 2), (15 ))-
. » . . . N ASTHHIERIY
that is, the joint over the simulated protocol is equal to that over the original protocol II conditional

on W; = v\;. The claim (10.3.6) is essentially definitional. To see the first, that II, , is a §-error 1o (2, y)-

FIEIHER primitive BN (z,y), #HE

F(X§ 2), (Y3, 9)) = h(z,y).

FRLA, SNREDY 1L 8ELATEIRER § BRRARE f, FARMIY IL; , EEIEIRER J R
AR primitive Ao
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[py=!

(X;, Y, Vi, 1L, (X3, V7)) o] (X:, Y, Vi, X, YY) | Vi = o Hx 1L, , — d-error protocol for b, #E CIC HEX, ENEERNELZE

ERR: CICE (h).

EEEELTIRSEE Vi, = v, /5, SN IL, FENBa ST, HEDY iR
A v | %1‘,\ ’ %Bﬁ
I {555 | MbkT LB A e —H, we

. i I(X;,Y; 11| V) > CICX ().
XN EA AT R R TR ERAY R (9 P R0

kR ]

Et*ﬁ;L“Hj¥m§&$E) Eﬁ#ﬁ_t*mﬁiﬂﬁqj%ﬁ:ft I/\z - 'U\q, EE"J&?E_QO I(XI]',’ 1/1”; ]:[) 2 Z I(XZ, K; H | V) 2 n - CIC':;(h).
FrlEfNEEEBEE: i=1
(X, Y THXT, YY) | Vi, Vs = o) = I(X, Yi I (X3, Vi) | V). T I REBERR [ D, FIUBRLESAHRXNFR:

1C;(f) > n - CICE(h).

Corollary 10.3.14. Let f be the binary inner product f(x.y) = (x,y) mod 2 or the disjointness
function f(x,y) =1{{x,y) > 0}. Let pu be the fooling distribution in Example 10.3.12. Then

IC5(f) = n - CICS(h)

where h(a,b) = ab is the product (or AND) function.




EEgtiHhit R, iR UERERIFREHRE:

PARISfEITE:

0=0(X4,...,Xn).

{B7E communication complexity in estimation 1, ¥ESEIE m 128K agent E:

machine 7 has X;.

SoVBFRERIEREE X; %, MRERERRER:

7 < t, and all machines may read these public blackboards. Thus, in round ¢, individual i generates

. : t .
the communicated variable Z,l-( ) according to the channel

—n')'

Qo (| X:, 28, B¢V = Q (- | Xi, 2%

Here we have used the notation Z.; := (Z1,...,Z;—1), and we will use Z<; := (Z1,...,Z;) and

o . L ’ : : _ t
similarly for superscripts throughout. We will also use the notation ZQ, = (BU L.z (<3 ) to denote

)

all the messages coming into communication of Z; . Figure 10.3 illustrates two rounds of this

SRR R R

* memory-limited estimation
* private estimation
distributed estimation
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1B3% Vin {-1,1}°d, T ¥A4& F Assouad

v € {0,1}¢, and in proving our lower bounds, assume the typical Markov structure
V= (X1,..., Xm) = I(XT"), .
( Xm) = TNXT) Markov it 42

where V is chosen uniformly at random from {—1,1}¢, and II = II(X[") denotes the transcript of
the entire communication, i.e., the blackboard messages

product distribution: ¥ ¥ 4# ] direct sum
= (BY,...,BM),

(this also encodes the message order). We assume that X follows a d-dimensional product distri-
bution, so that conditional on V' = v we have
i
X~NP,=P,8P,® -QP,. (10.4.1)
The generation strategy (10.4.1) guarantees that conditional on the jth coordinate V; = v;, the co-
ordinates X, j are i.i.d. and independent of {; = (V1,...,Vj_1,Vj11,..., V) as well as independent
of Xy ; for data points i # i.

with the dimension. To accomplish this reduction, let X<, ; = (X;;)/; be the jth coordinate of 35 Y44 T R A 89 direct sum TR, fe
the data, and let X<, \; be the remaining d — 1 coordinates across all i = 1,...,m. Then by the d-# P B 6gig £ FR48 d N—% b
— 1 -z N N 7T ) a 25 - Z AVARSIVA

construction (10.4.1), we have the Markov structure . - .
Pl AL AT IR 2 T X Ae
Vi = X<mj = I(XT") ¢ Xam,\j + Wy
Viewing X, \; as extraneous randomness, we have the simpler Markovian structure

Vi = X<mj — 11 (10.4.2)

so that we may think of the communication IT = II( X<, j) as acting only on X<, ; while simulating
X<m,\j- Now, define M_; and M; to be the marginal distributions over the communication protocol
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IT conditional on V; = +j, the one-variable model (10.4.2). Then Le Cam’s testing equality (Propo-
sition 2.3.1), and the equivalence between Hellinger and variation distance (Proposition 2.2.8) imply

[ P-QI|_TV <=sqrt{2} d_hel (P,Q)

4 p p Cauchy
inf2 Y BT ) # V) 2 (1~ 1Moy = Majlpy) 2 3 (1~ Vada (M, Ma)
j=1

j=1 j=1

Vv

1/2
d ( Zd’hel ﬂJ—ja ju—-l-j'))

by Cauchy-Schwarz. Summarizing, we have the following

~ /\ 3
Proposition 10.4.1 (Assouad’s method in communication). Let M. ; be the marginal distribution % j); & estimator f& d AN A7 b 4984594k
over Il conditional on V; = 1 and M_; be the marginal distribution of 11 conditional on V; = —1 2
in Markov structure (10.4.2), and assume X; follow the product distribution (10.4.1). Then

!

d

S PVi(r) £ V) >

i=1

)

2l Y A M) 5 M_+j 69 Z 3B 32
] s

o] 2

d
Z het( M, M)

E—U..IL\D
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Communication data processing
Definition 10.7. Let Py, Py be arbitrary distributions on a space X, let V' € {0, 1} uniformly at
mutual information strong data prtgacesalng constant 3( Py, Py) is
5(P0: Pl)

all v,1

I(V Z)
sup
p o )
Proposition 10.4.2. LetV — X — Z, where X
i Il',

then

I(X;2)’

random, and conditional on V = v, draw X ~ P,. Consider the Markov chain V — X — Z. The

%o 7 72 38 13

M_+ #) 3B &
denote the marginal and conditional distributions on X given Z, respectively. If |log 45 dp“ | < a for
I(V; Z) < 4(e”

[Rby FtF T, =26
2

where the supremum is taken over all conditional distributions (Markov kernels) from X to Z
chain

* T V 8913 &
%

o
P, conditional on V = v. Let Px and Px(- | Z)

%&£ F X 8938
Bz [I1Px(- | 2) = Pxliiv] <%

R ERNY)
V= (Xy,...,Xm) — 10

where V' € {0,1}. To state the coming theorems, we make a restriction on the data generation
V — X, calling distributions Py and P; (e, 3)-contractive if

where D (|-

b4k 8 T(V;Z)<=1(Z) & 3%

et —
We now give the two main results connecting mutual information and the contraction-type
bounds in Definition 10.7. To provide bounds using Proposition 10.4.1, we wish to control the
il

11 (x:2Z)
Hellinger distance between individual marginals M. ;, so we consider single variables in the Markov
e .
B(Py,PA) < B <1 and max{D

~ (Po| Pr)

> DDO
(-]-) denotes the Rényi-co-divergence. Proposition 10.4.2 shows that whenever such a ¢
exists we certainly have 8(Py, P1) < 2(c — 1)2.

(P1|FPo)} <logc

(10.4.3)
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Theorem 10.4.4. Let 1 < ¢ < oo and 8 < 1. Let Py and P, be (c,)-contractive (10.4.3)

distributions on X and M,, v € {0,1} be the marginal distribution of the protocol Il conditional on
W = Then

d%el(ﬂf(}r ﬂ’fl) <

SRR |

(¢+1)8 - min {I(X7% T(XT") | V = 0), I(X{ T(XT") | V =1)}.

Theorem 10.4.5. Let II the entire communication protocol in Figure 10.3, V € {—1,1}% be
uniform, and generate X; e (A BT - m according to the independent coordinate distribu-

¥ ?

tion (10.4.1). Assume additionally that for each coordinate 7 = 1, ..., d, the coordinate distributions
Py, are (c, B)-contractive (10.4.3). Then for any estimator V,

d
SRV £ V) > (1 = \/7(c+ 1)% (X, Xy 10| V)) .

Yo AT BT X R AT, 354 M5 A=
M_+j 49 FE 5

10.4.5 = Assouad + 10.4.4

Je 45 %) A LA AR A fE transcript T 49
Hellinger =T K 514, Fifiit Assouad 77 ik
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