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« WEANP 3 —7% P (B sup /Bayesian)

StFEATE R P, $AELE—ANFNE0: HiEBE 0(P) LT AR DR K. A, &
7~ #.4e risk functional 17 & /& pointwise sense (B A3t EANE R 89 P), f&H EFTH T e
. —APfEA Bayesian, & P ERE—NRBRWBMEDF m, 42 0(P) A P IRAZT
MEMTE, XERAF—MF %, HFHE 04 risk KB A
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17 E XD AKX 0% T minimax risk #9474 2 L :
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* M minimax risk #] minimax excess risk:
L] A R AE T oA S TR i, F 2 5] A\ minimax excess risk, F 4 5] &
A HEARE, AT EN EFU AR LU,

AAEREAY, RIMBEIXGEE) loss function!: © x X — R, FFAEMR 2z € X,
I(0;z) TR OEABT A EN IRZ. &LAAT, & X population loss:

Lp(6) = Epli(8; )] = [ 16:X)dP(z) (6.4
X

—/M71-F & Support Vector Machine, A& E4 X FIA Y, KMAKE|ZIEX 2z = (z,y),
A ye{-1,1}, z e R? BRFRZFR —ANHL0cRY, 1447 sign((0,z)) = y. Hinge loss
(0;2) = [1—y(0,2)], R—NaRGOBERIY; 2ELO0={0cR?: |0, <r} L&) i48

* #9 risk functional P 7] 15 %] SVM.




) M2 What is minimax excess risk?

ZHEJIANG UNIVERS IT\

M minimax risk #] minimax excess risk:

T RHR Xy, X, —A (THRAMAG) FHE 0. X" » 0, KM P &

maximum excess risk & X 4 :

_iﬁﬁ{EP lLP(é(Xl,...,Xn))] éélg LP(G)} (6.5)

HPHPRET X, R O P OOEATHAVE KA, ZEAAXZST 04 (B2) risk 5
minimum risk (BPRIRRATEE 5 P B PTAEA B 49 %) Z E 69 £ 7. Minimax excess
risk A T K £, 2 XK O Feyr sk P 2 XLEy:

M(O,P L) = 1%fi121; Ep [LP(Q(Xl, ...,Xn))] — Blélg LP(Q)} (6.6)

EFPTHRABDAAETR O X" -0 By, FEHMRLTEXAELT EARMK Lpo
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 Trivial: 4{# ] Bayesian &9 75 i%

- maximum risk 9 7 ik 42 4238 i H AL A — A Beyesian FIAA AR T o 4 {F,} £
Ao ATAR, YArn ABEE KO —#%5 A, maximum risk A T Jf-

sup Ep [0 (o (0XD), 00P)))] = X m(Ex [2(o(60XD),0R)))] (67

PeP
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o BB AEH E R A0 B AR I B AR

BAVF BAF S HAE T PR R — MR RPIARAUKF TR, L2ARE YV, £
{B} _,o B—%2H#%FH {0(F,)} o RMNAFEXELE p FR—A 25-packing, &
p(@(m, 0(B,)) > 26, v+ (6.8)
FAVE R ZANG kR E L RAREQNRIZARFAR, B, KAREV PHFHELEFV,
A, EV=v®&HT, KP4 X = XP, RFEARI G X, KNG EAFRZHAL v,
RAAERTEMNA O X" > VEABRBLH HA, REMNRP =053 P, ARG
Fr, BIRAR I P AR TR T ARYE P P AORAE, AR AR TR V.
Wb, TOAFE R AE T R A — B TR
M, (0(P), @0 p) > ®(9) inf P(¥ (X, ..., X,,) # V) (6.9)
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M, (0(P),®op) > ®(J) i%fP(lIf(Xl, i) V)

AT, B0, hF & M, TE3

E[®(p(8,0))] >E[2(6)1{p(0,6) > 6}] = 2(8)P(p(6,0) > 0) (6.10)
= 0(P,). WFHAMRIK p(0,,0,) > 25, H&AMEL
‘IJ(H) rgmm{p( )} (6.11)
i, TARE p(0,0,) <d=®(0) =v. A, &) #v=p(0,0,) >0. TATH:
s%pP(p(B 6‘1}) 5) ZP( (@ 19,1,) 24 | V= ’U)
| £ (6.12)
o WZP(‘I’(@%@) | V=fu)
veV

sTATA U R inf AT 2] T R AAH 8,
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© RERERFAGHERBEN TR M.(0(P), @op) 2 @(0)inf P(U(X,, ..., X,,) # V)

BT OIBER AN Z ARIZARF AT OHRBETFIRT N, RMNEIRFSHE O RAM
% P(6) AR BEE Z B4 tradeoff. BFH, AMASEFRBRIEBEREAFTHORKI. A
o, BAVFN LB = K: Le Cam. Fano #= Assouad. £3LZ A7, &AL — 2 L ABE
FE oA L divergence measures Z 8] #9 1~ 3 K,

B e R f R SLE f-divergence &

D(PIQ) = [ @) (5 )auta) (6.13)

JUAY % L% f-divergence 4e T :
IP = @l = sup |IP(4) ~ Q)| = 5 [Ip(2) — (@) di(z), (614

ACX
(P Q) = 5 [ (Vo) — v/a@) du(z), (615

Du(PIQ) = [ p(fc)log(%)du(w), (6.16)
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e Hellinger distance:

dhel(Pa Q)Q = ”P T QHTV < dhel(P: Q)\/2 T dhel(P: Q)2 (617)

* Pinsker’s ineuqality:

1
IP—Qlrv < §Dk1(P | Q) (6.18)
ok, KT product distributions #¢ tensorization, 7 AT 45K

Dy(P | Q) = ZDH | Q) (6.19)

fm AW T dy,(P,Q)? =1— [/dPdQ, Hellinger distance 47 A3t 4T tensorization:

T

ha(P,Q)? =1-]](1—diu(B, Q) (6.20)

TR KL T AT E _
B, — @2, < 3Du(P" | Q") = 2Du(P | Q) (6.21)
1B, — Q"3 < V241 (P™, Q") < /2= 2(1 — dya(P, Q)" (6.22)

LR, e REMBARIE DY(P | Q) < 2 &H dyy(P,Q) < ﬁ, 3 5T VAARIE
1P — Q" |y S 1—c, HXABREFE L c> 0,
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* ¥ XAX B 45 2 4R 4y packing

T @ £ AE % %= B packing A8 £ 8 A 4. A XAARMKGLE, R BRRY F a8
%, A

(3) <nveBIn< (142) (6.23

&F M@, B,||) = NG, B, | ), A AT ##: HEVCB,|V|>2 HR Yo+ €
V,|v—v'| > 1.

7B — % WY packing & 8 £ %, Gilbert-Varshamov bound #8, A/E V C
(1,1}, V] > exp(£) £

(6.24)
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* F 8 R AAE AR B B 7] R

X B AR ANGEFBIRGBARRRREA, VEBHEANTR2, FTFE T test ¥ : X —
(1,2}, HiRa9BEE R

1 1
P(U(X) #V) = 5A(¥(X) #1) + SHB(¥(X) # 2) (6.29)
ST X LeETHH PLR, AR
infi A (¥(X) #1) + B¥(X) #2)} =1 [A - B, (6.30)
o R P Ao Py REBFLFY, KA
11
mfP(U (X, ..., Xp) # V) = 5 = 512" = By (6.31)
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* FRRA BAEFABRAE AT I 17 A
M, (6(P), B0 p) > B(5) inf P(¥(Xy, . X,) £ V)
, r 1 . "
254 L &9 XF ¥ VAT 2] minimax risk 89 —/NTF o X TAET P o P, B € P HA

p(0(F),0(F)) =20, &MA

1 1
M (B(P), @0 p) > 8(6)|5 — 5B — Bl (6.32)

o REMEEFEL S P, B, 7 | — B, <3, A& p0(R),0(R)) =26, stA
M, > %‘I’(é)u F AL 4919 F =T A ] 72 Bernoulli mean estimation £, 7%

M, (Bernoulli([—1,1]), (-)?) > L or L (6.33)

— 24n 16n

XL FIHAEMT AL TRET AL L AERGRERET 6.
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¢ o BRI K >2

Fano 89 7 & T AE R T V| > 2 8% %, %MK Fano’'sInE & X : * F4£ & 49 Markov
chainV —» X -V, #&f14

hy(P(V#V))+P(V#V)log([V|—1) > H(V | V) (6.34)

A hy(p) =—plogp— (1 —p)log(l —p)e BMIELHE, RHS RUME V EAEMEV #|F
A EE, LHSHHF— ARG HEWELH, F_RAAWREEANR—NETHE LK.

it: WP VAV LRI A, 3 F4EE Markov chain V — X — V,

I(V; X) + log 2

P(V+V)>1- oalV

(6.35)
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¢ o BRI K >2

& —A 26-packing, FH V isuniformonV, %4 X ~ B,, T4

I(V; X) 4 log2
log|V|

BT RAAXRT 89RK. H0 > 0K, B, aful, I(V;X) 2r], Bk

A TG R, FIARMNA LY O(R) REH AT 600 FH%K, REF AW S 127
I(V; X) + log 2 y 1

log|V| -

55 R AR A R B — AN 2, 4243 minimax lower bound £ 'V ik 5] 20)
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FR, &R {0(B)}

14

M(O(P); ® o p) > B(9) (1 — (6.36)

(6.37)

b2 |
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I(V; X) 4+ log2

¢ dofT AR A 2 T S 3

Mutual Information and KL-divergence f KL # & & & I3 & :
I(V; X) = Da(Px,v | Px x B/) (6.38)

AZATtRRd, VARBAES A (ATRERZERELABZKSH) 6. 4 B,
ATV =vWe5am, N XEMP—ZU?T(U)& AP R, TAIHF

I(V;X) =} n()Dy(R, | P) (6.39)
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The Local Fano Method /£ uniform setting T, #&4% log &9, A

I(ViX) = o 5> Du(B1P) < o W ZDM(P | B,) (6.40)

veV

# local Fano method ¥, &MME—A5H#% P, kL —/> 2§-packing, PPt FArA
v+, AF p(0(R),0(P,)) > 26, 2R CILE I i#H L —A~ uniform upper bound:
Du(F, | By) < K%6° (6.41)

HEP k>0 NEEW, B TEARPAAGTH, wFE EXRZ, IPALAREZEMNGERD
—> local packing V 1£1%

log|V| > 2(k26% + log 2), (6.42)
AL T LASRIE Equation (6.37) A =, A 45 %] minimax lower bound:

M(@O(P),®op) > %@(5). (6.43)

HHEZ A TAefTHE V, EFRBEFLEL § XKITF sharp lower bounds.

I(V; X) +log2

log|V|
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Constructing Local Packings 1% ] Fano 7 &%) £ & [ 3 /£ T 491& F718 #9 local packing.
A T ERME—ANBEREES BlwamE 2B R F) 4 packing V, EHBRGFFif
BRMIESH. RERMNBE I > 0RO ALRAATHEN, IRFT RV AL, 2AFKN
/& packing #95 & B Ar—HE MBS P it 4F 6. #ldw, Equation (6.24) &%, KMTAMELA
R¥F2, REHZ log|V| = d B936 KK packing, A s 2t 4 E AR X &

T @ £AVLF Z = packing X AE. A XAERGRGEL S, R BAR &£z

B, W
1\¢ %

@ F M, B,||) > NG, B, |-|), HABATHit: BEVCB,[V|>2 B2 Yo+ ¢
Vlv—2"| = '%o

7 — A % WA packing k A %32, Gilbert-Varshamov bound #8, A&V C
{11}, V| = exp(§) 1
L)
2

d
lo—v']l, =2) 1{v; #v;} > (6.24)
j=1
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BB LB A GG HEE T OB TR BEA XK. FE N, ={N(0,0%1;,,) | 0 €
RY}; BMABAHHRETHBHLRSH Pe N, 94910 =0(P), Bp4R%H |0—0|3. 4
V A ¥4% €,-5K 4 ;-packing, HEMES A 29,

A local packing. B1Z § >0, # B TFTHANveV, KE I, =0veR. ARAR
TV PE—ANFRRE OIS 0,0, KA

)

8, = Oulls =0 v =22 > 5 (6.44)

eoh, KAVERFI| M TR, AHH |0, -0,y <25. & A Equation (6.36) & Fano
minimax &, #MNAA (L= X, P)

A I(V; XP) +log2\ 62 I(V; X7) +log?2
I‘i( . 2 > i W . 1 1 . ? 1

T 16

MO(P); @ o p) = (9) (1 _ LX) 1032)

log|V|
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PAEEED, HTEE v, R P RESHH N(O,,0°1;,,), &MA
52
Dy(Py | B2) = - Da(N(80,0%gsa) | N(8V',0%lpa) =1 5= v — /I3
BT v—v, <2, MFETEA 2 =22 89 KL HAF
ARMVIETF, KRMNFE mmlmaxbound:

52 2n62/o? + log 2
M., 1—

RGBT B 62 = M HA K A,

2nd? /% + log 2

|
1— = -
dlog 2 d

AT d>20EIK, THF:

(6.46)

(6.47)

(6.48)

(6.49)

Dy(F, | P,) < k*6*
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o A4 EHF % minimax risk

BBt (540 FHag AR IR

o 4ofT4% %] minimax risk # F X

T BB AE 1 R A ABARAE B R AL, A8 M 8 AR E 18] B 49 20-packing, AM K FZEK DO) 5
BAR G Bo 0 45 12 0 & 2 18] % Trade-off;
« Le Cam’s Method

A3 AN EFRIZ IR, FB TV JEBFE TR
 Fano’s Method

3t ANEFRXN Y7, FIA Fano R RF4EEME L5 242 8. KLBERKAK L,
 Local Fano Method

#)2E B SR B T R Uit 2 KL #0U% — 5 £ %49 local packing,
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